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Pore-scale modeling of transverse dispersion

in porous media
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[11 A physically based description is provided for the transverse dispersion coefficient in
porous media as a function of Péclet number, Pe. We represent the porous medium as
lattices of bonds with square cross section whose radius distribution is the same as
computed for Berea sandstone and describe flow (Stokes equation) and diffusion
(random walk method) at the pore scale (~um) to compute the transverse dispersion
coefficient at a larger scale (~cm to ~m). We show that the transverse dispersion
coefficient Dy ~ Pe for all Pe > 1. A comprehensive comparative study of transverse
dispersion with experiment indicates that the model can successfully predict the trends
for the asymptotic macroscopic dispersion coefficient over a broad range of Péclet
numbers, 0 < Pe < 10°. We discuss the relation between transverse and longitudinal
dispersion coefficient and show that unless one studies solute transport in the

advection dominated regime, it is not appropriate to take D7 to be 1 order of magnitude

less than D;.
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1. Introduction

[2] Solute transport in beds of unconsolidated particles
arises as an essential issue in the design of many industrial
devices used for adsorption, chromatography, ion exchange,
leaching and heterogeneous catalysis. In addition, solute
transport in rocks and soils is of importance in the design
and understanding of remediation of contaminated ground-
water, radioactive waste disposal and tracer studies in oil
recovery. Central to the understanding of solute transport is
its spread (dispersion) that is routinely measured as disper-
sion coefficient D, by o* = 2Dt, where o” = (x; — X)? is the
variance of the solute position and ¢ is the time, perpendic-
ular to the flow direction (transverse, D7) and in the flow
direction (longitudinal, D;); x; is the position of particle
i and X is the mean position in either the transverse or flow
direction.

[3] Although the interaction of two simple physical
mechanisms, i.e., diffusion and advection, cause dispersion,
the impact of porous media structure on transport properties
makes the dependence of the asymptotic transverse (D7) and
longitudinal dispersion coefficients (D;) on Péclet number
very rich. The Péclet number is defined as the ratio between
the time needed for particles in the fluid to traverse a
characteristic length L by diffusion, ¢, and the time needed
for particles to travel the same length by advection, 7,4,
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where u,, is the average fluid velocity [m/s] and D,, is the
coe;fﬁcient of molecular diffusion of the particles in the fluid
[m~/s].

[4] For longitudinal dispersion in unconsolidated bead
packs this dependence has been extensively described in the
large compilation of the experiments gathered by Pfannkuch
[1963]. With an increase in Pe, the experiments in laminar
flow indicated four dispersion regimes: restricted diffusion,
transition, power law and mechanical dispersion. Predic-
tions for all four regimes have been presented in the
literature [Bear, 1988; Dullien, 1992; Sahimi, 1995; Coelho
et al., 1997; Maier et al., 2000; Bijeljic et al., 2004] and,
moreover, the scaling in the power law and the mechanical
dispersion regimes has been explained by unifying pore-
scale network modeling and Continuous Time Random
Walk Theory (CTRW) [Bijeljic and Blunt, 2006]. CTRW
is a well-established transport theory based on describing
particle movement by the probability density distributions
that result from a series of hops between defined points in
space [Scher and Lax, 1973; Berkowitz et al., 2006].

[s] Transverse mixing, although smaller than longitudinal
mixing, is still very important in contaminant transport, as it
acts to smooth solute concentration fluctuations and dilute
the plume [Kapoor and Gelhar, 1994; Kittanidis, 1994].
More recent studies have focused on the importance of
transverse dispersion in mass transfer of contaminants
across the capillary fringe [Klenk and Grathwohl, 2002]
and in reactive transport during natural attenuation of
continuously emitting contaminant sources [Cirpka et al.,
2006]. However, even in the absence of chemical reaction,
the prediction of D7 dependence on Pe still remains a
significant challenge, especially as there exists large devia-
tions in both experimentally measured and theoretically
modeled transverse dispersion coefficients [Sahimi, 1995;
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(a) (b)

Figure 1.

(c)

(a) Unit diamond lattice network used for simulations, (b) example of two unit cells of the

diamond lattice network with the bonds of equal radii (not used in this study), and (c) two unit cells of the
diamond lattice network with the bonds having radii from the pore size distribution of Berea sandstone

[Oren and Bakke, 2002].

Whitaker, 1999; Bruderer and Bernabe, 2001; Benekos et
al., 2006].

[6] Early Lagrangian models for transverse (and longitu-
dinal) dispersion were based on the mean field nature of the
flow field [de Josselin de Jong, 1958; Saffinan, 1959]. The
concepts used in these models were then extended to
introduce disorder and heterogeneity [Sahimi et al., 1986]
and molecular diffusion was explicitly included in pore-
scale simulations [Sorbie and Clifford, 1991]. At present,
the minimum consensus for the transverse dispersion coef-
ficient, Dy, is that it is lower than D, and typically scales
approximately linearly with Pe (for Pe > 1), and the four
dispersion regimes can again be distinguished [Fried and
Combarnous, 1971]. One of the goals of this work is to
discriminate the dispersion regimes for D7 and assess its
ratio to D;.

[7] We use a network model to represent the porous
medium and describe flow (Stokes equation) and diffusion
(random walk method) at the pore scale (~um) to compute
the transverse dispersion coefficient at a larger scale
(~cm to ~m). In pore network modeling the porous
medium is represented conceptually as a lattice of pores
connected by bonds. Each pore and bond is assigned an
idealized geometry—here a cylinder with a square cross
section, thus allowing for the flow field to be defined
continuously. This permits a computationally efficient study
of combined advection-diffusion in large porous systems.
Another approach is to simulate transport directly on a
three-dimensional voxel representation of the porous medium,
where the flow field is obtained by, for instance, the Lattice-
Boltzmann technique. Using this approach the dispersion
coefficient as a function of Péclet number was predicted
successfully when the pore structure was relatively simple
with little pore-scale heterogeneity [Maier et al., 2000].
Network models can simulate large systems over a wide
range of Péclet number (see references in works by Bear
[1988], Dullien [1992], and Sahimi [1995]). However, to
make predictions, the network must be representative of the
porous medium of interest. We represent the rock structure by
mapping the pore network properties obtained by modeling
the formation processes by which the porous medium, in this
case Berea sandstone, was made [Jren and Bakke, 2002]. We
introduce physically sound rules to transport particles across

the pore junctions that discriminate between the particles’
movements by advection and diffusion.

[8] In previous work, we have used pore-scale modeling
to predict the longitudinal dispersion coefficient [Bijeljic et
al., 2004] and have interpreted the behavior in terms of
CTRW theory [Bijeljic and Blunt, 2006; Berkowitz et al.,
2006]. In this paper we extend this study to transverse
dispersion. For completeness the pore-scale model is briefly
reviewed before presenting the results.

2. Pore-Scale Model

[0] The algorithm for describing flow of a nonreactive
solute transport in porous media is as follows.

[10] 1. Represent the porous medium with a network of
bonds; the volumeless pores are located where the bonds
intersect.

[11] 2. Calculate the mean velocity in each bond by
invoking mass balance at each pore.

[12] 3. Use an analytic solution to determine the velocity
profile in each bond.

[13] 4. Inject particles into the network.

[14] 5. In each time step (order of 10~ s) move particles
in bonds by advection and then diffusion.

[15] 6. At the bond walls use no-slip boundary conditions
for advection and bounce-back boundary conditions for
diffusion.

[16] 7. Impose rules for mixing at junctions (pores).

[17] 8. From the equilibrium probability distribution of
particles in the network obtain the asymptotic dispersion
coefficient.

[18] We will briefly describe the most important features
for understanding the model, i.e., steps 1, 3, 4, 5, 7 and 8.
For more detailed description refer to Bijeljic et al. [2004].

[19] Step 1. We represent the porous medium by mapping
the pore-scale network obtained from reconstructed Berea
sandstone [Oren and Bakke, 2002] to a two-dimensional
diamond lattice of 60 by 60 pores consisting of 7320 bonds of
square cross section that we call the unit network (Figure 1a).
The unit network is the biggest repetitive unit of the
network that represents the porous medium at the large
scale. The diamond lattice is a square mesh rotated at 45°
from the mean flow direction. The unit cell of the diamond
lattice used is depicted in Figure 1c. The radius is defined as
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